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Gravitational wave observations of GW170817 placed bounds on the tidal deformabilities of com-
pact stars allowing one to probe equations of state for matter at supranuclear densities. Here we
design new parametrizations for hybrid hadron-quark equations of state, that give rise to low-mass
twin stars, and test them against GW170817. We find that GW170817 is consistent with the co-
alescence of a binary hybrid star–neutron star. We also test and find that the I-Love-Q relations
for hybrid stars in the third family agree with those for purely hadronic and quark stars within
∼ 3% for both slowly and rapidly rotating configurations, implying that these relations can be used
to perform equation-of-state independent tests of general relativity and to break degeneracies in
gravitational waveforms for hybrid stars in the third family as well.
I. INTRODUCTION
The direct detection of gravitational waves (GWs) by
the LIGO and Virgo Scientific Collaborations (LVC) has
already started to revolutionize our understanding of the
cosmos. The LVC direct detections of GWs, consistent
with the inspiral and merger of binary black holes [1–5],
solidified the onset of the era of GW astronomy, and pro-
vided a number of astrophysics and fundamental physics
implications (see, e.g., [3, 6–8]). The recent simulta-
neous detection of a GW signal by the LVC [9] (event
GW170817) and a gamma-ray burst (GRB) by the Fermi
satellite [10], including subsequent counterpart electro-
magnetic signals [11–18], have ushered us in the era of
“multimessenger” astronomy, astrophysics and cosmol-
ogy [19].
The impact of GW170817 on astrophysics [20] and
fundamental physics is far reaching. For example,
GW170817 and GRB 170817A provided the best evi-
dence, yet, that some GRBs are associated with the
merger of binary compact stars as envisioned by [21–23]
and recently demonstrated numerically in [24, 25] (see
also [26, 27] for recent reviews). GW170817 placed con-
straints on the properties of the progenitor of the binary
compact object GW170817 [28], and the GW background
from compact binaries [29]. Moreover, GW170817 and
GRB 170817A constrained the speed of gravity, the
equivalence principle and Lorentz invariance [10], con-
sequently constraining to a large degree gravity theo-
ries designed to explain the accelerated expansion of the
Universe without dark energy [30–37] (see also [38, 39]
for earlier work). Furthermore, GW170817 furnished the
first ever “standard siren” [40] measurement of the Hub-
ble constant [19].
Another important impact of GW170817 on funda-
mental physics is that GW170817 set bounds on the tidal
deformabilities (TDs) of compact stars [9]. The obser-
vation of 2M pulsars [41–44] had already set a tight
constraint on the properties of nuclear matter, requiring
its equation of state (EOS) to be stiff, see, e.g., [45–47].
However, GW170817 has “raised the bar” compact star
EOSs must pass to be physically viable: candidate EOSs
must now also satisfy the GW170817 constraints on the
TD of compact stars.
A study of the consequences of the GW170817 TD
bounds on the nuclear EOS was performed in [48]. Mul-
timessenger observations of GW170817 were also used
to place constraints on nonspinning neutron star (NS)
masses and radii using approaches with a varying number
of assumptions, see, e.g., [49–55]. However, these previ-
ous works did not consider EOSs that support a strong
phase transition with a sufficiently large jump in energy
density to give rise to a separate (third family) branch of
compact stars like the EOSs we develop here.
In this work, we investigate how GW170817 can con-
strain the properties of hybrid compact stars which have
a strong hadron-quark phase transition in their interiors.
In particular, we mainly focus on EOSs allowing a third
family of stable compact objects at low mass, i.e., in ad-
dition to the stable branches of white dwarfs and NSs.
The third family of compact stars, which has been stud-
ied over several decades [56–59]), arises when there is an
instability region separating hadronic NSs from hybrid
stars (HSs); this leads to the emergence of twins - NSs
and HSs having the same mass but different radii [59].
The HS internal structure requires a single-phase quark
core enclosed by a hadronic shell with a first-order phase
transition at their interface. An additional phase tran-
sition in the quark core can lead to a fourth family of
compact stars [47], but we do not consider this possibil-
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2ity here.
In this paper we develop new parametrizations of hy-
brid hadron-quark EOSs that allow for a third family
of compact stars to emerge at “low mass” (∼ 1.5M)
and are consistent with the existence of 2M pulsars.
We investigate whether these EOSs are consistent with
GW170817 by computing the TD of corresponding com-
pact stars. Moreover, we compute the I-Love-Q rela-
tions [60, 61] (see also [62–64] for recent reviews) for
slowly and rapidly rotating HSs in the third family con-
structed with these EOSs and compare them to the I-
Love-Q relations of purely hardronic and quark stars. It
is important to test the universality of I-Love-Q relations
because HSs in the third family have a sharp first-order
phase transition at the hadron-quark interface in their
interior, and it is not a priori clear that such HSs sat-
isfy the neutron and quark star I-Love-Q relations [65].
Once established also for 3rd family and hybrid stars, the
I-Love-Q relations can be used to perform equation-of-
state independent tests of general relativity and to break
degeneracies in GWs [60, 61]. Thus, it is important to
know if these relations hold for HSs in the third family.
Throughout, we adopt geometrized units unless other-
wise stated.
II. EQUATIONS OF STATE
The new parametrizations of EOSs we develop here de-
scribe zero-temperature nuclear matter in β-equilibrium
with a low-density phase of nucleonic matter and high-
density phase of quark matter. We consider two sets of
EOSs which cover a range of current models as described
in [47] (Set-I) and [46] (Set-II).
In Set I the low-density phase is based on a covari-
ant density functional theory [66] with density-dependent
couplings [67], as applied to hadronic matter in [68].
The Lagrangian underlying the density functional, and
the corresponding zero-temperature pressure of nucleonic
matter are given in Eqs. (1) and (2) in [68], respectively.
Our Set II consists of EOSs labeled ACB4-7. The low-
density regime (n ≤ n0) of these EOSs is equivalent to
Set I. Above the saturation density n0 = 0.16 fm
−3, but
below the deconfinement phase transition, EOSs ACB4
and ACB5 correspond to the stiffest EOS of [69], while
the EOSs ACB6 and ACB7 fit the density-dependent rel-
ativistic mean field EOS DD2-p30 [70] accounting for nu-
cleonic excluded volume effects in that region.
In general, there exist two prescriptions for matching
the low-density nucleonic EOS to the quark matter EOS;
which one is realized in nature depends on the surface
tension between nuclear and quark matter [71, 72]. If
the tension between these phases is low, a mixed phase of
quark and nucleonic matter is formed in-between purely
nuclear and quark matter phases. Conversely, if the ten-
sion is high, a sharp transition boundary is energetically
favorable. In the latter case, there is a jump in the en-
ergy density at a certain transition pressure at which the
baryochemical potentials of both phases coincide. Since
the surface tension is presently not known accurately,
both prescriptions are viable. Here we consider the sec-
ond case assuming that the surface tension between the
quark matter and nucleonic phases is high enough to sus-
tain a sharp boundary between them. In all our models
the pressure matching between the phases is performed
via a standard Maxwell construction.
For the Set I quark matter EOS, we use the constant
speed of sound parametrization [73], see also [47, 74, 75].
The pressure beyond the point where the phase transi-
tions to quark matter takes place is given analytically
by
P (ε) =
{
Ptr, ε1 ≤ ε ≤ ε2,
Ptr + c
2
s(ε− ε2), ε > ε2, (1)
where Ptr = P (ε1) = P (ε2) is the value of the (transition)
pressure in the energy density range ε1 ≤ ε ≤ ε2, and
cs is the sound speed of the quark matter phase. It is
convenient to parametrize the magnitude of the jump
via a parameter j, as ∆ε ≡ ε2 − ε1 = ε1 j. Within
Set I we consider two subsets that we call “ACS-I” and
“ACS-II”. The values of the parameters for these EOSs
are presented in Table I.
The ACS-I models, as we shall see below, generate high
mass M/M ' 2 twins, as well as twins when j = 0.6.
The ACS-II models produce low-mass M/M ' 1.5 HSs
as well as twins for j = 0.8 and 1.0. In the ACS-II models,
the choice of maximally stiff quark matter EOS allows for
massive ∼ 2M compact stars. EOSs with these prop-
erties have been obtained recently within a relativistic
density functional approach to quark matter [76–78].
TABLE I. Parameters for the ACS-I and ACS-II EOS models
that adopt constant speed of sound parametrization. The
parameters have the same meaning as in Eq. (1) in the main
text, and j parametrizes the phase transition energy density
jump as ∆ε ≡ ε1 j. The last column gives the maximum
masses Mmax.
Ptr 1/c
2 (cs/c)
2 Mmax
ACS j [1034dyn cm−2] [1014g cm−3] [M]
I 0.10 17.0 8.34 0.8 2.47
0.27 17.0 8.34 0.8 2.31
0.43 17.0 8.34 0.8 2.17
0.60 17.0 8.34 0.8 2.05
II 0.80 8.34 6.58 1.0 2.08
1.00 8.34 6.58 1.0 1.97
For the Set II (labeled “ACB”) we employ a piecewise
polytropic representation [69, 79, 80] of the EOS at su-
persaturation densities (n1 < n < n5  n0)
P (n) = κi(n/n0)
Γi , ni < n < ni+1, i = 1 . . . 4, (2)
where Γi is the polytropic index in one of the density re-
gions labeled by i = 1 . . . 4. The first polytrope describes
a stiff nucleonic EOS. The second polytrope corresponds
to a first-order phase transition with a constant pressure
3Ptr = κ2 (Γ2 = 0). The polytropes in regions 3 and
4 above the phase transition correspond to high-density
matter, e.g., stiff quark matter.
TABLE II. EOS models ACB4-ACB7. The parameters have
the same meaning as in Eq. (2) in the main text. The first
polytrope (i = 1) parametrizes the nuclear EOS at supersat-
uration densities, the second polytrope (i = 2) corresponds to
a first-order phase transition with a constant pressure Ptr for
densities between n2 and n3. The polytropes in regions 3 and
4 above the phase transition correspond to high-density mat-
ter, e.g., quark matter. The last column gives the maximum
masses Mmax on the hadronic (hybrid) branch corresponding
to region 1 (4). The minimal mass Mmin on the hybrid branch
is given for region 3.
Γi κi ni m0,i Mmax/min
ACB i [MeV/fm3] [1/fm3] [MeV ] [M]
4 1 4.921 2.1680 0.1650 939.56 2.01
2 0.0 63.178 0.3174 939.56 –
3 4.000 0.5075 0.5344 1031.2 1.96
4 2.800 3.2401 0.7500 958.55 2.11
5 1 4.777 2.1986 0.1650 939.56 1.40
2 0.0 33.969 0.2838 939.56 –
3 4.000 0.4373 0.4750 995.03 1.39
4 2.800 2.7919 0.7500 932.48 2.00
6 1 4.2602 2.3096 0.1650 939.56 2.00
2 0.0 78.329 0.3659 939.56 –
3 4.000 0.3472 0.6201 1050.3 1.93
4 2.800 2.7589 0.9000 964.49 2.00
7 1 4.408 2.2773 0.1650 939.56 1.50
2 0.0 41.316 0.3088 939.56 –
3 4.000 0.4124 0.5062 1003.20 1.49
4 2.800 4.9726 0.8300 883.29 2.00
The Set II EOS parameters are given in Table II. Note
that ACB5 (ACB7) requires that the phase transition on-
set occurs at a nucleon number density of 0.284 (0.309)
fm−3, i.e., at roughly two times the nuclear saturation
density. While this density seems to be on the low end,
we recall that in our case we have asymmetric nuclear
matter, so that a transition at 2n0 is equivalent to a tran-
sition density of 3−4n0 for symmetric matter. In partic-
ular, it is well known that isospin-symmetric systems are
bound in atomic nuclei whereas there are no bound sys-
tems of only neutrons known in nature. This is due to the
effect of the asymmetry energy in nuclear matter which
stiffens isospin-asymmetric systems as compared to the
symmetric case. The consequence that the onset density
for deconfinement is lowered with increasing asymmetry
has been discussed in the literature before. For example,
the effect is illustrated in Fig. 1 of [81] for the exam-
ple of collisions of asymmetric nuclei (Au+Au), where a
lowering of the onset density to 4n0 from ∼ 6n0 in the
symmetric case was obtained. For beta-equilibrated mat-
ter in neutron stars the lowering is still more pronounced.
In Fig. 13 of [82], the phase transition onset density of
2.5n0 has been obtained for a model of beta-equilibrated
matter with a Maxwell construction, while effects of inho-
mogeneities may lower the onset density further. For the
extreme case of a Glendenning construction [83] (neglect-
ing surface tension), the lowering of the phase transition
density has been shown in Fig. 1 of [84]. A possible
onset density of 2n0 in neutron star matter is realistic
and does not contradict the phenomenology of heavy-ion
collisions, where in almost symmetric nuclear matter the
transition is not expected at these low densities.
All models have been supplemented with the low-
density EOSs of crustal matter according to [85, 86]. The
pressure vs energy density for each EOS in our sample is
plotted in Fig. 1.
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FIG. 1. Pressure vs energy density for the equations of state
with first-order phase transitions we consider in this work.
III. METHODS
To test whether the Set I and Set II EOSs satisfy
the TD constraints set by GW170817, we adopt tabu-
lated versions of the EOSs we developed and compute
sequences of nonrotating HSs for each EOS. For every
member of the sequence, we compute the dimensionless
TD parameter Λ = λ(tid)/M5 (in the small tidal defor-
mation approximation), where λ(tid) is the stellar TD pa-
rameter and M the stellar gravitational mass. For more
details on the calculation of Λ, see [61, 87–89].
To investigate the I-Love-Q relations for both slowly
and rapidly rotating HSs we compute the dimensionless
moment of inertia I¯ = I/M3 (with I being the stellar
moment of inertia), Λ, and the dimensionless quadrupole
moment Q¯ = −Q/(M3χ2). Here, Q is the spin-induced
quadrupole moment (see [90, 91]), and χ = J/M2, with
J the total angular momentum. The calculation of
these quantities in the slow-rotation approximation is
performed as in [61] following the Hartle-Thorne formal-
ism [92, 93]. For rapidly rotating stars, we compute I¯
and Q¯ for sequences of self-consistent, rotating stellar
equilibrium configurations that we build with the code
of [94–97]. More specifically, Q¯ is calculated through
the asymptotic structure of the spacetime as described
4in [98]. We checked the consistency of the two different
codes in the slow-rotation regime.
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FIG. 2. Left: Mass-radius relation for nonrotating HSs. Ob-
serve that some EOSs admit a stable third family branch (sep-
arate from the stable NS branch). Right: Mass-TD relation
for nonrotating stars with the same EOSs. The APR EOS is
also shown for comparison.
IV. RESULTS
The M−R (here R is the stellar areal radius) relations
for nonrotating HSs with the Set I and Set II EOSs are
shown in the left panel of Fig. 2. For comparison we also
show the APR EOS [99]. The M −R plot demonstrates
that for the ACS-I j = 0.43, ACS-I j = 0.6, ACS-II
and ACB EOSs a third family of hybrid hadron-quark
stars emerges. All EOS parametrizations we developed
here satisfy the 2M bound for the maximum mass. The
ACS-I j = 0.6, ACB 4 and ACB 6 models give rise to
high mass (∼ 2.0M) twins, while the ACS-II and ACB
5 and ACB 7 models lead to low-mass (∼ 1.5M) HSs.
The right panel of Fig. 2 shows the M − Λ relation
for the same configurations as in the left panel. Notice
that when the third family branch emerges at low masses,
Λ(M) can no longer be approximated as a linear function
as was found in [100]. As a result, the method adopting
this approximation to estimate the tidal deformability
of a 1.4M compact object [101], and which was used
in the case of GW170817 [9], excludes the possibility of
low-mass HSs in the third family.
In Fig. 3 we plot the TDs Λ1 vs Λ2 for binary com-
pact objects with the chirp mass of GW170817, i.e.,
M = 1.188M. We show curves corresponding to Set
I and Set II EOSs, as well as the 50% and 90% cred-
ible constraints set by GW170817 with low-spin prior
|χ| < 0.05 (in the left panel). We find that the ACS-
I and ACS-II, ACB5-7 EOSs are consistent with the 90%
credible upper bound set by GW170817, while ACB4 is
inconsistent. Notice that different ACS-I EOSs are in-
distinguishable from each other for Λ ≥ 70 (see the right
panel of Fig. 2). Thus, we only show one curve for ACS-
I. An important finding is that while certain hadronic
EOSs may not satisfy the GW170817 constraints on the
TD, they can become compatible with GW170817 if a
first-order phase transition occurs in one of the stars and
it is a HS in the 3rd family branch. This is exemplified
by our ACB4 and 5 models which are matched to the
same hadronic baseline EOS. In particular, the hadronic
(solid) parts of the Λ1 − Λ2 curve that corresponds to
them are excluded by GW170817 at 90% confidence,
but the HS-NS (dashed-dotted) ACB5 curve satisfies the
GW170817 90% confidence constraints on the TD. Apart
from ACB5, the ACB7 and ACS-II EOSs satisfy the con-
straints set by GW170817 when having one star in the
normal hadronic branch and the other one in the third
family (the dot-dashed branch of a given color curve).
Therefore, GW170817 is consistent with the coalescence
of a binary HS-NS.
One finds similar results for the high-spin prior
GW170817 TD constraints within the range Λ2 < 3000
(see right panel in Fig. 3), but ACB4 is only marginally
inconsistent with the 90% credible constraints. However,
since the mass of the primary star can be as large as
2.26M, the HS/NS scenario may be consistent with
GW170817 even for equations of state with the transi-
tion happening in the high mass regime. Investigating
this possibility further is beyond the scope of this paper
as the bound in the Λ1-Λ2 plane for Λ2 > 3000 is not
provided in [9].
In Fig. 4 we show the I-Love-Q relations for slowly
rotating and rapidly rotating stars constructed with the
Set I and Set II EOSs. Following [102] we generated
χ-constant sequences for rapidly rotating stars. Notice
that the relations for slowly rotating stars remain univer-
sal and agree with those reported for neutron stars and
quark stars in [62]. Notice also that the I-Q relations
for rapidly rotating stars remain universal for a fixed χ,
in agreement with [102, 103]. The deviations from uni-
versality with the hybrid hadron-quark EOSs considered
here are slightly larger than those in [62], especially for
high mass (small Λ or Q¯) stars. Nevertheless, the rela-
tions remain universal within ∼ 3% for both slowly and
rapidly rotating stars. Thus, our results extend the previ-
ously discovered universal I-Love-Q relations for compact
stars into the third family.
V. DISCUSSION
We have constructed hybrid hadron-quark EOSs that:
i) give rise to a third family of compact objects, ii) are
consistent with the existence of 2M pulsars, and iii)
result in low-mass twins (∼ 1.5M). Using our new
model EOSs we computed the TD of sequences of rela-
tivistic stars. In contrast to realistic neutron star EOSs,
where the dimensionless tidal deformability can be ap-
proximated as a linear function of the gravitational mass
in the vicinity of 1.4M, in the case of hybrid hadron-
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FIG. 3. TDs of compact objects in GW170817 with chirp mass M = 1.188M for the ACS-I (which are indistinguishable
from each other for Λ ≥ 70), ACS-II and ACB EOSs. Solid curves correspond to both stars being in the NS branch while
dashed-dotted curves correspond to one of the stars being in the third family (namely HSs). Note that the gap between the
solid and dashed-dotted component of a given color curve arises because the HS member in the binary is unstable. Only the
plot above the black dotted line (Λ1 = Λ2) is relevant. The dark and light cyan shaded areas correspond to the parameter
region within the 50% and 90% credible upper bound set by GW170817 with prior |χ| < 0.05 (left panel) and |χ| < 0.89 (right
panel. The solid black curve corresponds to the APR EOS.
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quark EOSs with low-mass twins this is no longer true.
As a result, using this approximation to estimate the
tidal deformability of a 1.4M compact objects should
be avoided because it excludes the possibility of testing
for HSs. All EOSs in our sample, except for one, are con-
sistent with the GW170817 90% confidence TD bounds.
We discover that while a sufficiently stiff hadronic base-
line EOS may be inconsistent with GW170817, a hadron-
quark phase transition in the compact object interior can
soften the EOS to make it compatible with GW170817.
Importantly, we find that GW170817 is entirely consis-
tent with coalescence of a binary hybrid hadron-quark –
neutron star.
Furthermore, we computed the I-Q relations [104]
6for rotating relativistic stars adopting our new hybrid
hadron-quark EOSs, and discover that despite the sharp
first-order phase transition at the hadron-quark interface
in the interior of these stars, the hybrid star I-Q relations
agree with the I-Q relations of slowly and rapidly rotat-
ing realistic neutron stars and quark stars to better than
∼ 3%. Therefore, the I-Love-Q relations can be adopted
to either perform equation-of-state independent tests of
general relativity or to break degeneracies in parameter
estimation from GWs even when HSs in the third family
are present.
Future GW observations will help understand the
properties of hybrid stars and resolve the current con-
troversy about the nature of the hadron-to-quark matter
transition at zero temperature: is it a first-order transi-
tion with large jump in energy density or is it a smooth
crossover? At this time, it seems that the only possible
way to constrain the nature of binary compact objects
through GWs, and hence to resolve the aforementioned
controversy requires GW detectors that are sensitive in
the high frequency regime, where tidal effects are strong
and can lead to measurable deviations between the GWs
generated by binary NS-NS and binary HS-NS. To ad-
dress this point theoretically it is necessary to perform
binary HS-NS simulations in full general relativity and
compare them to NS-NS simulations. Our work sets the
foundations for performing such an analysis by construct-
ing the equations of state that respect all currently known
constraints.
Another way to probe the aforementioned controversy
is to combine GW and electromagnetic observations of
compact objects. For example, if the presently ongoing
NICER [105] measures the radius of the 1.44M ± 0.07
pulsar J0437-4715 to not be less than 14 km with an un-
certainty of less than 500 m, then soft hadronic EOSs
would be incompatible, and the stiff hadronic baseline of
the set of EOSs discussed here would be favored. How-
ever, according to [48], a hadronic EOS with R1.4 > 13.4
km is inconsistent with GW170817; thus, the HS-NS sce-
nario for GW170817 would be a most likely explanation,
implying an EOS with a stiff hadronic part and a strong
phase transition.
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